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Abstract—This paper proposes the Gaussian sum filter-
ing (GSF) framework for the state estimation of Markov
jump nonlinear systems (MJNLSs). Through present-
ing the Gaussian sum approximations about the model-
conditioned state posterior probability density function
(PDF) and the model-conditioned measurement posterior
predictive PDF, a general GSF framework in the mini-
mum mean square error (MMSE) sense is derived. The
Minor Gaussian-set design is utilized to merge the Gaus-
sian components at the beginning, which can effectively
limit the computational requirements. Simulation results
demonstrate that the proposed method performs almost
as well as the interacting multiple model particle filter
(IMM-PF) but with much lower computational cost.

Index Terms—Markov jump nonlinear systems; Gaus-
sian sum approximation; Moment matching; Polynomial
interpolation

I. INTRODUCTION

Markov jump systems (MJSs) involve both time-
evolving and event-driven mechanisms, which have been
extensively used to model the systems with variable
structures caused by sudden environment changes, sys-
tem noises and/or failures occurred in components etc.
in many fields such as target tracking [1, 2], seismic
signal processing [3], process monitoring and fault de-
tection [4]. For the state estimation problem of MJSs,
Bar-shalom has derived the recursive optimal estimator
for the general MJSs based on Bayesian theory [5].
However, for most nonlinear dynamical and measure-
ment models, an exact and recursive computation of the
state PDF is intractable. Consequently, one must rely
on suboptimal or approximate nonlinear filters. Much
attention has been paid on the state estimation problem
of nonlinear system. The filtering of MJSs can be divided
into the following two categories.

The first category is the state estimation of Markov
jump linear systems (MJLSs), in which the state space
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is linear and the system model is switched according
to a Markov chain. Since one has to match a filter
to each model, an exponentially increasing number of
filters are needed, which makes the optimal approach
impractical [2]. Hence, suboptimal techniques must be
utilized to avoid the exponentially increasing number
of histories. A simple-minded suboptimal technique is
to keep the N histories with the largest probabilities
and normalize the probabilities. Another effective way is
merging technique used in GPB1 (generalized pseudo-
Bayesian of order 1), GPB2 and IMM [2, 5, 6], in which
the posterior PDFs can be represented exactly by a sum
of Gaussians. Learn from [5], the IMM estimator, which
(for r models) consists of r model-matched sub-filters
for the model-based state estimation, has essentially
the same computational requirements as the GPB1 but
performs almost as well as the GPB2, which consists of
r2 model-matched sub-filters.

The second category is the state estimation of Markov
jump nonlinear systems (MJNLSs), in which the state
space is nonlinear. For this case, such techniques might
work for mild nonlinearities by simply replacing the
Kalman filter (KF) with the extended or unscented
Kalman filter (EKF or UKF) in the IMM framework.
Thus, if the state PDF is inherently non-Gaussian or
the model exhibits any significant nonlinearities, the
suboptimal EKF and UKF can diverge or fail. In recent
years, the IMM-PF, which is a Particle filter (PF) for
stochastic hybrid system with a mixing step at the be-
ginning of each estimation cycle in the IMM framework,
has been studied in many literatures [7]-[12]. PF is a re-
cursive numerical implementation of the exact Bayesian
filtering scheme where the posterior distribution of the
state is represented by a set of random samples with
associated weights, which are propagated through the
dynamic system by using the importance sampling to
sequentially update the posterior distribution. However,
the PF is computation-intensive in real time applications
and may face the problem of particle impoverishment.
This problem is particularly compounded when particle
filters are used in hybrid system estimation.



The GSF proposed in [13] approximates the PDF
using a weighted sum of Gaussian densities, and it can
effectively approximate any PDF as closely as desired (in
the L1 norm) and enable a more accurate representation
of the nonlinearities in the dynamics and measurement
models. Extensive research has been done on GSF [14]-
[16], which has become popular for nonlinear tracking
problems in space surveillance [16]. In [16], GSF was
made adaptive through the use of efficient refinement
and coarsening methods. To the best of our knowledge,
up to the present, there have no research on Gaussian
sum filtering design for the state estimation of the hybrid
system. Motivated by the advantage of GSF, the GSF
framework is developed to deal with the estimation
problem of the hybrid system in order to obtain the com-
promise of computational cost and estimation accuracy.

The rest of the paper is organized as follows. The
investigated problem is formulated in Section 2. The
general GSF framework for the state estimation of
Markov jump nonlinear systems is derived in Section 3.
Implementation of the proposed GSF is given in Section
4. The simulation analysis is given in Section 5. Section
6 comes to the conclusion.

Throughout this paper, the superscripts ”-1” and ”T ”
represent the inverse and transpose operations of a
matrix, respectively; (·) represents the same content
as previous parenthesis; N(x;μ, P ) denotes that the
variable x obeys Gaussian distribution with mean μ and
covariance P ; E[·] denotes mathematical expectation; I
denote the identity matrix with proper dimensions. The
superscripts ”∧” and ”∼”, used as the hat of random
variables, represent the estimate and the estimation error,
respectively. For example, x̂ denotes the estimate of
variable x and its estimation error is x̃ = x− x̂.

II. PROBLEM FORMULATION

We consider the following general Markov jump non-
linear system:

xk+1 = f(θk+1, xk) + wk (1)

zk = h(θk, xk) + vk (2)

where xk ∈ Rn is the state vector, zk ∈ Rm is the
measurement vector, f(·) and h(·) are known nonlinear
functions, wk ∈ Rn and vk ∈ Rm are uncorrelated
zero-mean Gaussian white noises satisfying E[wkwl

T ] =
Qkδkl and E[vkvl

T ] = Rkδkl where δkl is the Kronecker
delta function, and the initial state is assumed to be
Gaussian distribution with mean x̂0|0 and covariance
P0|0, which is independent of wk and vk, θk is a discrete-
valued model state and takes values in a finite model
space M = {1, 2, . . . ,m}. The true probability of a

jump from model i at time k − 1 to model j at time
k is assumed known as

πij = P{θk = j|θk−1 = i} (3)

where i, j ∈ M and
∑m

j=1 πij = 1.
For MJSs, the state PDF is given by the total proba-

bility theorem

p(xk|Zk) =

m∑
i=1

p(xk|θk = i, Zk)p(θk = i|Zk) (4)

then the estimates of the state is obtained by computing
the first two moments of p(xk|Zk), respectively

x̂k|k = E[xk|Zk] (5)

Pk|k = E[x̃kx̃
T
k |Zk] (6)

Remark 1 In [5], Bar-shalom has given a recursion for
the optimal estimator. However, since there is no closed-
form expression for the posterior PDF, approximations
are necessary. Among the existing methods, such as
GPB1, GPB2, IMM, the posterior PDF p(xk|θk = i, Zk)
is assumed to be Gaussian, i.e.

p(xk|θk = i, Zk) = N(xk; x̂
i
k|k, P

i
k|k) (7)

In the IMM estimator, one will obtain the mixing initial
state estimate x̂0jk|k and its covariance P 0j

k|k by mixing
probabilities μk,i|j and the estimates x̂ik|k of each filter.
Then the posterior PDF conditioned on θk+1 = j can be
approximated by

p(xk|θk+1 = j, Zk) =

m∑
i=1

μk,i|jp(xk|θk = i, Zk)

=

m∑
i=1

μk,i|jN(xk; x̂
i
k|k, P

i
k|k)

≈ N(xk; x̂
0j
k|k, P

0j
k|k) (8)

where the mixing probabilities

μk,i|j = p(θk = i|θk+1 = j, Zk)

=
1

c̄
πijp(θk = i|Zk)

=
1

c̄
πijμk,i (9)

with the normalization constant c̄ =
∑m

i=1 πijp(θk =
i|Zk).

In general, approximating the model-conditioned state
PDF to be Gaussian mentioned in (7) is only suitable for
the case that the state PDF is Gaussian or unimodal, and
that the system model is at most weakly nonlinear. How-
ever, a state which is initially Gaussian will inevitably
become significantly non-Gaussian if propagated over a



sufficiently long time span, so it will inevitably result in
inaccurate state estimate. In addition, the calculation of
the mixing initial state estimate is accurate only under the
assumption that the dynamic and measurement functions
are both linear. Considering the coupling of multiple
model switching and nonlinearity in MJNLSs, the as-
sumptions in (7)-(8) is unsuitable for the complicated
situation.

Remark 2 Aiming to the nonlinear state estimation
problem of the system (1)-(2), much attention has paid
on a class of methods which combine particle filters to
deal with the nonlinearity of the system [7,8,17]-[20]. In
[7], the model-conditioned filtering stage is implemented
by a set of parallel particle filters instead of the standard
KFs, in which the mixing step is implemented in a hybrid
form involving a representation of the particle clouds
by sum of Gaussians. This scheme is computationally
involved and it also introduces additional approxima-
tions. Thus in [8], the posterior PDF is represented
with a particle cloud, and the mixing step is done by
direct sampling instead of the hybrid form. The sampling
amounts are determined by the particle weights. These
algorithms have shown very promising performance for
a large class of problems but at the expense of heavy
computational load.

To the best of our knowledge, up to the present, there
have no research on Gaussian sum filtering design for the
state estimation of the hybrid system (1)-(2). Therefore,
there is a great demand to develop the general GSF
framework for MJNLSs, because Gaussian sum approx-
imation can effectively approximate any PDF as closely
as desired (in the L1 norm) and enable a more accurate
representation of the nonlinearities in the dynamics and
measurement models. In other words, we need to find the
Gaussian sum approximation to the model-conditioned
posterior PDF p(xk|θk = i, Zk) of the state, given the
measurement sequence Zk = {zl}kl=1. In this paper, the
model-conditioned posterior PDF, the mixing PDF and
the one-step predictive PDF of the state xk conditioned
by Zk are assumed to be a Gaussian sum with N
components, respectively, i.e.

p(xk|θk = i, Zk) =

N∑
α=1

ξiαk N(xk; x̂
iα
k|k, P

iα
k|k) (10)

where ξiαk (α = 1, . . . , N) define a set of Gaussian
weights which satisfy

∑N
α=1 ξ

iα
k = 1 and x̂iαk|k, P

iα
k|k are

corresponding means and covariances.

p(xk|θk+1 = j, Zk) =

N∑
β=1

ξ̄jβk N(xk; x̂
jβ
k|k, P

jβ
k|k) (11)

p(xk+1|θk+1 = j, Zk) =

N∑
β=1

ξ̄jβk N(xk+1; x̂
jβ
k+1|k, P

jβ
k+1|k)

(12)
where ξ̄jβk (β = 1, . . . , N) define a set of Gaussian
weights, and x̂jβk+1|k, P

jβ
k+1|k are corresponding measure-

ment predictions and covariances.

Remark 3 In these Assumptions, As N → ∞,
p(xk|θk = i, Zk) approaches to the true PDF with no
accuracy loss. In applications, N can be properly chosen
to obtain the suitable compromise of computation cost
and estimation accuracy.

As shown later, the general GSF framework for the
state estimation of MJNLSs is derived.

III. THE GENERAL GSF FRAMEWORK FOR THE STATE

ESTIMATION OF MJNLSS

The derivation is separated into three steps including
the model state smoothing, the model-conditioned state
prediction and correction.

Theorem 1 (The model state smoothing) According
to the total probability theorem with respect to all the
possible models at time k, the mixing PDF of the state
is given bellow

p(xk|θk+1 = j, Zk) =

m∑
i=1

μk,i|jp(xk|θk = i, Zk)

=

N∑
α=1

m∑
i=1

μk,i|jξiαk N(xk; x̂
iα
k|k, P

iα
k|k)

=

N∑
β=1

ξ̄jβk N(xk; x̂
jβ
k|k, P

jβ
k|k)

(13)

where x̂jβk|k and P jβ
k|k are the mean and covariance of each

component, ξ̄jβk (β = 1, . . . , N) are a set of Gaussian
weights which satisfy⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑N
β=1 ξ̄

jβ
k = 1

∑N
β=1 ξ̄

jβ
k x̂jβk|k = x̄jk|k∑N

β=1 ξ̄
jβ
k [P jβ

k|k + (x̄jk|k − x̂jβk|k)(·)T ] = P̄ j
k|k

(14)

with

x̄jk|k = E[xk|θk+1 = j, Zk]

=

N∑
α=1

m∑
i=1

μk,i|jξiαk x̂iαk|k (15)



P̄ j
k|k = E[x̃kx̃

T
k |θk+1 = j, Zk]

=

N∑
α=1

m∑
i=1

μk,i|jξiαk [P iα
k|k + (x̄jk|k − x̂iαk|k)(·)T ] (16)

are the first two moments of the posterior PDF
p(xk|θk+1 = j, Zk).

Remark 4 In Theorem 1, if we set P jβ
k|k = (1− δ)P̄ j

k|k,

where 0 ≤ δ ≤ 1, the solution of x̂jβk|k and P jβ
k|k

can be obtained by the Minor Gaussian-set design, the
procedure of which is given bellow.

The third equation in (14) can be written as
N∑

β=1

ξ̄jβk (x̄jk|k − x̂jβk|k)(·)T = δP̄ j
k|k (17)

Then the problem can be described to design a set of
estimates and corresponding weights noted by G =
{x̂jβk|k, ξ̄jβk }(β = 1, . . . , N), given the model θk+1 = j,
where N is the number of new Gaussian components.

In fact, the design {x̂jβk|k, ξ̄jβk } can be converted to the

standard design {x̂jβ,∗k|k , ξ̄jβk } by transformation x̂jβk|k =

Bx̂jβ,∗k|k +x̄jk|k, where δP̄ j
k|k = Bdiag(In×n, 0)B

T , and n
is the dimension of vector x. The standard design satisfy⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑N
β=1 ξ̄

jβ
k = 1

∑N
β=1 ξ̄

jβ
k x̂jβ,∗k|k = 0

∑N
β=1 ξ̄

jβ
k (x̄jk|k − x̂jβ,∗k|k )(·)T = I

(18)

According to the Theorem of Minor-Set Design in [21],
the design {x̂jβ,∗k|k , ξ̄jβk } with 0 ≤ ξ̄j0k ≤ 1 satisfied

equation (18) is given as follows (For simplicity, x̂jβ,∗k|k
is noted by xβ , and ξ̄jβk by ξβ) :⎧⎨
⎩
ξ01 = ξ0, ξ11 = ξ21 = (1− ξ0)/2

x01 = 0, x11 = (1− ξ0)−1/2, x21 = −(1− ξ0)−1/2

(19)

...⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ0η = ξ0, ξβη = ξβη−1/2, (β = 1, . . . , η),

ξη+1
η = (1− ξ0)/2

x0η = 0, xβη =
[
(xβη−1)

T (1− ξ0)−1/2
]T

,

(β = 1, . . . , η), xη+1
η =

[
0 −(1− ξ0)−1/2

]T
(20)

Hence, the posterior PDF p(xk|θk+1 = j, Zk) is rep-
resented by a new Gaussian sum. That is to say, the
new N Gaussian sum has the same mean x̄jk|k and

covariance P̄ j
k|k as the original m × N Gaussian sum.

To match the mean and covariance of the true Gaussian
sum, the minimum number of new Gaussian components
is rank(P̄ j

k|k)+1 [21]. In the minor Gaussian-set design,

the number designed is rank(P̄ j
k|k) + 2.

Theorem 2 (State Prediction) Consider the system in
(1)-(2), The predicted PDF of the state conditioned on
model θk+1 = j is given bellow

p(xk+1|θk+1 = j, Zk) =

N∑
β=1

ξ̄jβk N(xk+1; x̂
jβ
k+1|k, P

jβ
k+1|k)

(21)
where

x̂jβk+1|k =

∫
xk+1p(xk+1|xk, θk+1 = j)

N(xk; x̂
jβ
k|k, P

jβ
k|k)dxk (22)

P jβ
k+1|k =

∫
xk+1x

T
k+1p(xk+1|xk, θk+1 = j)

N(xk; x̂
jβ
k|k, P

jβ
k|k)dxk − x̂jβk+1|k(x̂

jβ
k+1|k)

T +Qk

(23)

and ξ̄jβk is the same as the one in Theorem 1.

Proof. With the substitution of (13) in Theorem 1, the
predicted PDF of the state conditioned on model θk+1 =
j can be written as

p(xk+1|θk+1 = j, Zk)

=

∫
p(xk+1|xk, θk+1 = j)p(xk|θk+1 = j, Zk)dxk

=

N∑
β=1

ξ̄jβk

∫
p(xk+1|xk, θk+1 = j)N(xk; x̂

jβ
k|k, P

jβ
k|k)dxk

=

N∑
β=1

ξ̄jβk N(xk+1; x̂
jβ
k+1|k, P

jβ
k+1|k)

(24)

The approximation above is justified by assuming that
the constituent covariances are sufficiently small (see
from [16]). �

Theorem 3 (State Correction) The correction PDF of
the state is given as

p(xk+1|θk+1 = j, Zk+1)

=

N∑
β=1

ξjβk+1N(xk+1; x̂
jβ
k+1|k+1, P

jβ
k+1|k+1)

(25)



where

ξjβk+1 =
ξ̄jβk N(zk+1; ẑ

jβ
k+1|k, P

jβ,zz
k+1|k)∑N

β=1 ξ̄
jβ
k N(zk+1; ẑ

jβ
k+1|k, P

jβ,zz
k+1|k)

(26)

are the updated weights and

x̂jβk+1|k+1 = x̂jβk+1|k +M jβ
k+1(zk+1 − ẑjβk+1|k) (27)

P jβ
k+1|k+1 = P jβ

k+1|k −M jβ
k+1P

jβ,zz
k+1|k(M

jβ
k+1)

T (28)

M jβ
k+1 = P jβ,xz

k+1|k(P
jβ,zz
k+1|k)

−1 (29)

where

ẑjβk+1|k =

∫
h(θk+1, xk+1)p(xk+1|xk, θk+1 = j)

N(xk; x̂
jβ
k|k, P

jβ
k|k)dxk+1 (30)

P jβ,zz
k+1|k =

∫
h(θk+1, xk+1)h

T (θk+1, xk+1)p(xk+1|xk,
θk+1 = j)N(xk; x̂

jβ
k|k, P

jβ
k|k)dxk+1−

ẑjβk+1|k(ẑ
jβ
k+1|k)

T +Rk+1

(31)

P jβ,xz
k+1|k =

∫
xk+1h

T (θk+1, xk+1)p(xk+1|xk, θk+1 = j)

N(xk; x̂
jβ
k|k, P

jβ
k|k)dxk+1 − x̂jβk+1|k(ẑ

jβ
k+1|k)

T

(32)

Proof. It is known from Theorem 2 that the predictive
PDF p(xk+1|θk+1 = j, Zk) is a Gaussian sum. Accord-
ing to the generalized Bayesian rule, we have

p(xk+1|θk+1 = j, Zk+1)

=
p(zk+1|xk+1, θk+1 = j)p(xk+1|θk+1 = j, Zk)

p(zk+1|θk+1 = j, Zk)

=

∑N
β=1 ξ̄

jβ
k p(zk+1|xk+1, θk+1 = j)N(xk+1; x̂

jβ
k+1|k, P

jβ
k+1|k)

p(zk+1|θk+1 = j, Zk)

=

N∑
β=1

ξjβk+1N(xk+1; x̂
jβ
k+1|k+1, P

jβ
k+1|k+1)

(33)

where the model likelihood function
p(zk+1|θk+1 = j, Zk) is represented by a Gaussian
sum, and the updated weights ξjβk+1 can be derived by
learning from Eqs. (5.1)-(5.2) in [13]. �

Till now, the GSF framework for the MJNLS is
derived as shown in Fig. 1.

Remark 5 In Fig. 1, one interesting finding is that the
proposed GSF framework can easily degrade to several
general filtering framework. If we set N = 1 for the

assumption in (10) and utilize deterministic sampling
filters including UKF, the divided difference filter (DDF)
[22] as the sub-filters, IMM-UKF, IMM-DDF can be
obtained, and if the dynamic function f(·) and measure-
ment function h(·) are all linear, the GSF framework
degrades to the well-known IMM. Moreover, if we set
m = 1 and N = 1, it can also degrade to GF.

IV. IMPLEMENTATION OF THE PROPOSED GSF

Gaussian weighted integrals in (22)-(23) and (30)-(32)
can be computed by a class of nonlinear suboptimal
Gaussian filtering algorithms based on deterministic and
analytical sampling approximation, which have advan-
tages of high precision and simple implementation. In
this paper, we use DDF as the sub-filter, the imple-
mentation of which can be found in the Appendix. The
procedure of the general GSF is given in Table 1.

V. SIMULATION

The following nonlinear Markov jump system is ap-
plied as an example to discuss our algorithm, and we
compare it with the existing IMM-PF [8].

xk+1 = 0.5xk+25
xk

1 + x2k
+8 cos(1.2k)+αθ+wk (34)

zk =
x2k
20

+ vk (35)

where wk and vk are uncorrelated zero-mean Gaussian
white noises with Qk = Rk = 1. It’s assumed that
the system has two models with α1 = 1 and α2 = 2,
respectively. In simulation the system stays in model 1
during 1 ≤ k ≤ 29 and switches to model 2 for the
interval 30 ≤ k ≤ 60. The model switching probability
matrix is given as

Π =

[
0.75 0.25
0.25 0.75

]
(36)

For each model, the number of Gaussian components
is set as N = 3. The initial first two moments of
each Gaussian component are randomly generated in the
interval [0,1] and the corresponding weights are set equal
to be ξ1α1 = ξ2α1 = 1/N(α = 1, . . . , N). We select
the root mean square error (RMSE) for comparing the
filtering performance, and 100 independent simulations
are carried out to calculate the RMSE shown in Fig. 2.
The particles used in the IMM-PF algorithm is 100 and
the other parameters are the same. We also compare it
with IMM-UKF which is a special case of the proposed
algorithm when N = 1. In estimation accuracy, it
makes us believe that the proposed GSF can perform
about 13% better than IMM-UKF and only about 3%



Model state Smoothing (Theorem 1)

subfilter subfilter subfilter subfilter

Filter
for

,k i�

1,k j� �

1� � m� �

11 11 11
| |ˆ, ,k k k k kx P� 1 1 1

| |ˆ, ,N N N
k k k k kx P� 1 1 1

| |ˆ, ,m m m
k k k k kx P� | |ˆ, ,mN mN mN

k k k k kx P�

11 11 11
| |ˆ, ,k k k k kx P� 1 1 1

| |ˆ, ,N N N
k k k k kx P� 1 1 1

| |ˆ, ,m m m
k k k k kx P�

| |ˆ, ,mN mN mN
k k k k kx P�

11 11 11
1 1| 1 1| 1ˆ, ,k k k k kx P� � � � � �

1 1 1
1 1| 1 1| 1ˆ, ,N N N

k k k k kx P� � � � � �
1 1 1
1 1| 1 1| 1ˆ, ,m m m

k k k k kx P� � � � � � 1 1| 1 1| 1ˆ, ,mN mN mN
k k k k kx P� � � � � �

1kz �
�

Assumption 1: | |
1

ˆ( | , ) ( ; , )
N

k i i i
k k k k k k k kp x i Z N x x P� � �

�

� �
�

� ��

Fig. 1 Diagram of the proposed GSF

worse than IMM-PF. Moreover, Table 2. compares the
performance for the estimation of the system state by the
proposed method and the other methods. The average
RMSE denotes the mean of RMSE at whole time steps
1 ≤ k ≤ 60. The computational time in which these
algorithms are executed is counted for each recursion.
It is apparent that the proposed GSF saves about 70%
computation cost compared with IMM-PF, since the GSF
uses only m × N = 6 Gaussians in each model. The
compromise between estimation accuracy and computa-
tional cost depends on the fact that the approximation
can reach at least second-order Taylor in the state PDF
approximation process of the derived nonlinear GSF, and
the number of sampling points only with relates to the
state dimension is far less than that in PF. Moreover,
the extraction of sampling points is deterministic and
simple, however, PF is random sampling and the particle
weights have to be calculated online. For this reason, the
computational time of the derived nonlinear GSF based
on numerical integration is far less than that of the IMM-
PF [8] in obtaining the similar estimation accuracy.

To illustrate the effectiveness of the Gaussian sum
approximation to the posterior PDF of the state, Fig. 3.
presents the comparison of the estimation results when
N = 1 and N = 3, respectively. The result shows that
the greater the number of Gaussian components N , the
higher the estimation precision. In applications, one can
choose proper N as required.
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VI. CONCLUSION

A novel GSF for Markov jump nonlinear system is
proposed based on the Gaussian sum approximations.
Furthermore, the general GSF framework is developed
by using the Minor Gaussian-set design to merge the
Gaussian components. The simulations indicate that the
proposed GSF algorithm can make a compromise be-
tween estimation accuracy and computation cost com-
pared with the existing ones.



TABLE I Implementation of the proposed GSF

Given Gaussian components at time k
{ξiαk ∈ [0, 1], N(xk; x̂

iα
k|k, P

iα
k|k)}(i ∈ M,α = 1, . . . , N).

Compute the mixing probabilities μk,i|j in (9).
Mixing:
1. Compute the mean x̄jk|k and covariance P̄ j

k|k of the
m×N Gaussian sum in (15)-(16).
2. Set covariances of the new Gaussians
P jβ
k|k = (1− δ)P̄ j

k|k, 0 ≤ δ ≤ 1.

3. Compute weights ξ̄jβk and means x̂jβk|k by (19)-(20).
Model-conditioned filtering:
1. Compute state estimations x̂jβk+1|k+1 and P jβ

k+1|k+1

by(26)-(28), where x̂jβk+1|k, P jβ
k+1|k, ẑjβk+1|k, P jβ,zz

k+1|k and

P jβ,xz
k+1|k in (22)-(23) and (30)-(32) are computed by

numerical approximation.
2. Update the weights ξjβk+1 by (26).
3. Compute the model likelihood function
Lj
k+1 =

∑N
β=1 ξ̄

jβ
k N(zk+1; ẑ

jβ
k+1|k, P

jβ,zz
k+1|k).

Model probability update:
Compute the posterior model probability
μk+1,j =

1
cL

j
k+1c̄

where c =
∑m

j=1 L
j
k+1c̄

with c̄ =
∑m

i=1 πijp(θk = i|Zk).
State estimation:
Compute the state and covariance
x̂k+1|k+1 =

∑m
j=1 μk+1,j x̂

j
k+1|k+1

Pk+1|k+1 =
∑m

j=1 μk+1,j [P
j
k+1|k+1+

(x̂k+1|k+1 − x̂jk+1|k+1)(·)T ]
where
x̂jk+1|k+1 =

∑N
β=1 ξ

jβ
k+1x̂

jβ
k+1|k+1 and

P j
k+1|k+1 =

∑N
β=1 ξ

jβ
k+1[P

jβ
k+1|k+1+

(x̂jk+1|k+1 − x̂jβk+1|k+1)(·)T ].

TABLE II Performance comparison

RMSE Calculation time(s)
IMM-UKF 1.284 0.082
IMM-PF 1.082 0.647

The proposed GSF(N=3) 1.121 0.198

APPENDIX

A. The DDF corresponding to each Gaussian component

The input of the DDF is the mean x̂jβk|k and covariance

P jβ
k|k of each Gaussian component obtained via moment

matching (For simplicity, x̂jβk|k is noted by x̂k|k and P jβ
k|k

by Pk|k in the derivation).
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Fig. 3 RMSE of the state for N = 1 and N = 3

1. Factorize: Pk|k = Sk|kST
k|k.

2. Construct the sigma points ζa,k|k(a = 0, 1, . . . , 2n)
and weights ωa:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ζ0,k|k = x̂k|k,

ζa,k|k = x̂k|k + (hSk|k)a,

ζa+n,k|k = x̂k|k − (hSk|k)a,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ωm
0 = h2−n

h2 ,

ωm
a = ωm

a+n = 1
2h2 ,

ωc1
a = 1

4h2 , ωc2
a = h2−1

4h2 ,
(37)

3. Compute the propagated sigma points:

χa,k+1|k = f(ζa,k|k), λa,k+1|k = h(ζa,k|k).

4. Compute the predicted means and covariances:

x̂k+1|k =

2n∑
a=0

ωm
a χa,k+1|k (38)

Pk+1|k =

n∑
a=1

[ωc1
a χ′

a,k+1|k(χ
′
a,k+1|k)

T+

ωc2
a χ′′

a,k+1|k(χ
′′
a,k+1|k)

T ] +Qk

(39)

ẑk+1|k =

2n∑
a=0

ωm
a λa,k+1|k (40)

P zz
k+1|k =

n∑
a=1

[ωc1
a λ′

a,k+1|k(λ
′
a,k+1|k)

T+

ωc2
a λ′′

a,k+1|k(λ
′′
a,k+1|k)

T ] +Rk

(41)



P xz
k+1|k =

n∑
a=1

[ωc1
a χ′

a,k+1|k(λ
′
a,k+1|k)

T+

ωc2
a χ′′

a,k+1|k(λ
′′
a,k+1|k)

T ] + Sk

(42)

where
χ′
a,k+1|k = χa,k+1|k − χa+n,k+1|k,

χ′′
a,k+1|k = χa,k+1|k + χa+n,k+1|k − 2χ0,k+1|k,

λ′
a,k+1|k = λa,k+1|k − λa+n,k+1|k,

λ′′
a,k+1|k = λa,k+1|k + λa+n,k+1|k − 2λ0,k+1|k.

5. Compute correction means and covariances:

x̂k+1|k+1 = x̂k+1|k +Mk+1(zk+1 − ẑk+1|k) (43)

Pk+1|k+1 = Pk+1|k −Mk+1P
zz
k+1|kM

T
k+1 (44)

Mk+1 = P xz
k+1|k(P

zz
k+1|k)

−1 (45)

Till now, we obtain the state estimations x̂jβk+1|k+1 and

P jβ
k+1|k+1, measurement predictions ẑjβk+1|k and covari-

ances P jβ,zz
k+1|k.
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